In this proceedings paper we show describe how a microtool can be assembled, and tracked in three dimensions such that its full rotational and translational coordinates, q, are recovered. This allows tracking of the motion of any arbitrary point, d, on the microtool's surface. When the micro-tool is held using multiple optical traps the motion of such a point investigates the inside of an ellipsoidal volume -we term this a 'thermal ellipsoid. We demonstrate how the shape of this thermal ellipsoid may be controlled by varying the relative trapping power of the optical traps, and adjusting the angle at which the micro-tool is held relative to the focal plane. Our experimental results follow the trends derived by Simpson and Hanna. 
INTRODUCTION
Since its inception in 1986, 2 the field of optical tweezing has grown to encompass a wide variety of optical micromanipulation techniques, with much interest focussed around the measurement of small (pN -fN scale) forces.
3 While most force measurement is achieved using optically trapped microspheres, the development of multiple-trap techniques such as holographic optical tweezers 4, 5 and the generalised phase contrast method 6 enable the optical manipulation of non-spherical structures.
Repeated suggestion in the literature that high aspect ratio particles could play an important role as probes has resulted in an increased interest in characterising the motion and trapping properties of microrods. Several groups have demonstrated the capacity to trap and manipulate semiconducter, 7-10 polymer 11 and metal 12 nanorods using line traps and arrays of optical traps. The rotational modes resulting from the reduced symmetry of a rod when compared to a sphere have been the subject of numerous publications, 11, 13 and a number of simulation works contribute to the growing literature on this topic. [14] [15] [16] The motion of an optically trapped microrod has been measured quantitatively by Phillips et al., 17 with an active clamping technique proposed as a method of improving the resolution with which these structures can be positioned. On a smaller scale, bundles of carbon nanotubes have been trapped 18 and later used as Femtonewton force sensors by Marago et al.
EQUIPMENT
Holographic Optical Tweezers. Our HOT setup, similar what is reported in Gibson et al , 24 consists of a custommade inverted microscope with a 1.4 NA, 100× objective (Plan-Neofluar, Zeiss), a closed-loop piezoelectric z postioner (Piezosystem Jena, Mipos 140 PL) for objective lens translations, and a motorized xy stage (MS-2000, ASI). The optical trap is powered by a Nd:YAG laser (Laser Quantum) emitting up to 3.2 W at 1064 nm. The beam is expanded to fill a spatial light modulator (Hamamatsu, X10468-07) and is imaged onto the back aperture of the objective lens. A polarizing beam splitter is used before the objective to transmit the laser beam while reflecting half of the illumination light onto a CCD camera (Microtron, MC). Image analysis and feedback control were implemented in LabVIEW (National Instruments) 25 running on a quad core PC. Hologram calculation was performed on the graphics processor unit (nVidia, Quadro FX 5600).
MICROTOOL ASSEMBLY
A key challenge in the emerging field of optically actuated probes is that of their fabrication. While conventional microsphere probes are widely available from a plethora of suppliers (for example, Bangs Laboratories and Corpuscular), with a variety of dimensions, materials and surface coatings, research involving microtools is still in its infancy and as yet there is no commerical source.
Several techniques to make microtools have been investigated, for example photolithographic techniques can be used to produce planar structures with feature sizes down to several hundred nanometres, 20 structures using two-photon polymerisation 22 and directed assembly of chemically-modified components. 21 We use the latter of these techniques to assemble the tools used in this paper. The components consist of: (i) biotin-coated highaspect ratio silica microrods (diameter: 300 nm, length 20 µm), which are employed as probe tips or structural elements; and (ii) streptavidin-coated 2 µm silica microspheres, which are incorporated for their high affinity for optical manipulation and their well-understood trapping properties.
The biotinylation protocol used a two-stage functionalisation process. 3-Triethoxysilylpropylamine (APTES) was mixed with water in a 1:1 v/v ratio at a pH of 5, resulting in rapid hydrolisation. The pre-hydrolised APTES was then mixed with the microrods solution again at a 1:1 v/v concentraion, and incubated at room temperature for 15 minutes with constant agitation. Exposure to this silane compound produces a monolayer of amine-terminated molecules on the surface of the rods. Streptavidin coating of the carboxyl-terminated silica microspheres followed the traditional routes.
Probe assembly started with the adhesion of a single microsphere with a microrod. To accomplish this, once a rod and a sphere had been located and brought into the same working area in the sample chamber the trapped sphere was manipulated into contact with the rod by updating the position of its optical trap. Adhesion usually occurred within seconds, but additional time was allowed to facilitate the formation of additional biotinstreptavidin complexes, improving the bond rigidity. The process was repeated, attaching additional microspheres and microrods, to generate the required tools. Example tool designs are shown in Figure 1 . For the experimental work analysis that follows, a tool comprising two microspheres and one rod was produced with the geometry, as indicated in Figure 1a 
THEORY OF MICROTOOL'S MOTION
The position of the tools is monitored by tracking the x, y, z coordinates of the microsphere 'handles'. When considering the forces experienced by the tool, we might naively consider these microspheres in isolation, as has been done in previous works. 21, 26 This approach however produces confusing data, with as many separate force interactions as there are handles. Moreover, calibration of the microsphere handles is flawed if their coordinates are taken to be independent. We therefore introduce the concept of a 'generalised tool coordinate', defined as
Where r = (r x , r y , r z ) and θ = (θ x , θ y , θ z ) represent translations of and rotations about the object's centre. Thus we are able to work with all six degrees of freedom available to a rigid object, and have a complete description of our system. Using this set of coordinates, we can build analogs of the various one-dimensional equations governing the behaviour of microspheres. For example, the force experienced in a linear fluid flow v becomes
Similarly, the torque experienced by the tool in a circular flow ω is given by
where ζ t and ζ r are the translational and rotational hydrodynamic frictions of our tool. These quantities are 3×3 tensors, with off-diagonal terms implying the potential for coupling between orthogonal flows and forces/torques. Using the compound coordinate q, we can generalise further to obtain
Here, ζ c is a pseudotensor representing potential coupling between rotational flows and forces, and linear flows and torques. These tensors indicate comparatively complex behaviour of these tools when compared with the simple microsphere.
The 3-Dimensional stiffness matrix
Like the friction matrix, the stiffness matrix relating displacements of the tool from its resting coordinates to forces and torques about its centre is a matrix quantity, 1 comprised of two tensors and two pseudotensors
Here K t is interpreted as a tensor relating displacements of the probe centre to forces, K r is a tensor relating rotations about the probe centre to torques, and K c is a pseudotensor coupling rotations to forces and translations to torques. From this definition, we can see that the force experienced by the probe in, for example, the x direction is given by
In the case where K is perfectly diagonal, that is where all components K t ij , K r ij where i = j are equal to zero as are all the components of K c , Equation 6 can then be rewritten F x = xK t xx and we have recovered the simple case where the forces can be treated independently. Note that the components of K may be positive or negative, provided that the net result of the forces and torques is to oppose the translation and rotation of the structure the conditions for confinement are satisfied.
It is useful to define how this matrix behaves under transformations of the coordinate frame. For rotations, each tensor and pseudotensor must be rotated separately, so for a rotation of the coordinate frame defined by the 3 × 3 rotation matrix R, the rotated stiffness matrix K is given by
For translations of the coordinate system, it can be shown 1 that a shift in the coordinate system's origin by a vector a modifies the stiffness matrix such that
The optical stress centre
Analogous to the centre of gravity, for an object trapped in a three dimensional optical potential it is possible to define a point about which motion can be perfectly decomposed into translational and rotational modes. We term this point the optical stress centre. 1, 27 In addition to its usefulness in understanding the modes of the system, measurement and manipulation of this stress centre may be used to tune the properties of a probe, potentially improving sensitivity in certain modes while maintaining confinement with respect to others. 28 When held far from any surfaces, the external potential on our tools is a function only of the position and power of the optical traps, so the optical stress centre can be measured in terms of the variance matrix or stiffness matrix (the two share properties making them interchangeable in this instance). Using the definition of K from Equation 5 , it is the point about which the full matrix becomes symmetric.
The transformation of K c when the coordinate frame is translated by a vector a is given by Equation 8b. This may be evaluated in terms of the components of a analytically, along with its transpose. When the coordinate frame is centred upon the optical stress centre, the condition
is satisfied. Solving this for a we arrive at
The vector a can now be interpreted as the displacement of the centre of the tool frame to the optical stress centre of the system. If however the external potential on the the tool is modified by another force, for example interaction with a near-by surface, this measured centre can no longer be considered the optical stress centre, and becomes a centre of rotation. This suggests a potential use in very low force sensing of surfaces (for example applications see Phillips et al 23 ).
Equating the tool's coordinates 4.3.1 Five modes -two points in 3D
Extraction of the three translations in Cartesian space is accomplished by taking the mean r x , r y , r z coordinates across the measured spheres.
Where N is the number of spheres monitored (here N = 2), and r COM is the coordinate of the tool centre. This can be calculated for each point in a time series.
Extraction of the two accessible rotational modes can be accomplished in this specific case (two beads monitored) by a simple coordinate transformation. First, the vector defined by the two measured bead locations r is translated to the origin.
Where r 0 and r 1 are the measured coordinates of the two handles. The angles α, β representing the azimuthal and polar angle respectively are given by the spherical polar coordinate transformations
Where r x , r y , r z are the three Cartesian components of r.
Six modes -three or more points in 3D
Measurement of the six modes may be made if the tool lacks symmetry about any axis, and if we have measurements of more than two microsphere handles. The three modes representing translations of the tool's centre are trivially calculated as for the five DOF case using Equation 10 . For the angular modes however, the three measured points describe more than one vector, and as such we cannot extract the angles using spherical polar coordinates. To recover these rotational modes, we adopt an approach based upon calculation of the principal axes of inertia of the ensemble.
Initially, the mean of the tool's centre of mass is calculated over a period in which the tool is considered 'at rest'. This position is then subtracted from the coordinates of the tool handles, and the moment of inertia of each point about the centre of mass may be calculated. 
Where
Here N is the number of points monitored and m k is the mass centred at each point. As we are only interested in extracting orientations, it is sufficient that these masses be equal, thereby setting m k = 1 for all k.
The moment of inertia tensor must now be diagonalised. This is achieved via eigendecomposition. The set of eigenvectors, q i for i = 1, 2, 3 of the matrix, I and the corresponding eigenvalues, λ i allow the construction of the factorised form
Where Q is a matrix with its ith column equal to the eigenvector q i and Λ is a diagonal matrix with Λ ii = λ i . Here Λ is the diagonalised form of I, and Q is the rotation matrix that accomplishes this (the pre-and postmultiplication is characteristic of tensor rotation).
After diagonalisation, the rotation matrix Q is used to rotate the data into a 'tool frame'. At this point, the positions of the tool handles are used to produce instantaneous moment of inertia tensors I i for the every measurement in the series. These are diagonalised via eigendecomposition as above, producing instantaneous rotation matrices Q i such that
Where θ i x , θ i y , θ i z represent small, instantaneous rotations about x , y , z , the three orthogonal unit vectors making up the 'tool frame'. This algorithm for retrieving the rotational modes holds for small rotations about the tool frame, as Equation 16 relies on the small angle approximation. This condition will hold for most probe use, and is the motivation for the selection of tool axes by the algorithm. The orientation of the probe axes is selected as the frame that minimises rotations of the tool throughout the dataset. As such it is unlikely to coincide with the laboratory frame, or any 'intuitive' frame based on the perceived or intended orientation of the tool. To facilitate analysis of the mode data, it may be preferable to transform the modes to a third reference frame, setting (for example) the x axis as parallel to the tool's 'tip', and z parallel to the illumination axis. This may be accomplished using the rotation matrix Q from Equation 15.
ti Figure 2 . Example data showing the mean positions of the three handles comprising a low-symmetry tool in the laboratory frame (spheres are to scale, microrods connecting the spheres are not plotted). The origin and X , Y , Z axes comprising the tool frame are also shown. Note that as expected the Z axis is perpendicular to the plane defined by the tool handles. The X , Y axes are positioned so as to minimise rotations in this frame.
MOTION OF THE PROBE TIP
The concept of a thermal volume is not new to the optical tweezers community. Optical tweezers have been used to implement a form of scanning probe microscopy known as 'photonic force microscopy' (PFM), in which a small sphere (typically ∼200 nm diameter) is optically trapped and tracked using a quadrant photodiode (QPD).
29 By observing the motion of the probe sphere, it is possible to map the three dimensional structure of a sample by identifying 'excluded volumes' -regions in which the sphere is not observed. In this way the thermal motion of the probe sphere is used as a sampling mechanism, with the optical tweezers' role reduced to the coarse positioning within the sample. 30 Using this technique, the internal structure of optically transparent samples may be imaged.
The thermal motion of a holographically trapped probe structure differs from that of a sphere. For locations away from the OSC, a 'thermal ellipsoid', the combination of a thermal disk (arising from rotations) and a spheroid (arising from translations)
1 describes the motion of any point on a hypothetical probe.
In general terms, the position of every point on the surface or within the volume of a rigid object is perfectly described by a 1 × 3 vector expressing its location with respect to the centre of the object, and the 1 × 6 vector q = (r, θ) representing the object's motion with respect to its translational modes (r) and its rotational modes (θ).
While the 'five-component' tools discussed previously (see Figure 1 ) allow measurement of all six degrees of freedom, the 'three-component' tools experimentally investigated allow only five degrees of freedom to be measured, with rotation about the probe axis inaccessible. As such, only points along the probe axis are fixed perfectly in this way -any point 'off-axis' has a component of its position which is a function of the rotation about the probe axis.
Following Simpson and Hanna,
1 for any point d located at a (in the tool frame, with respect to the optical stress centre) with its location defined in this way, we may use measurements of the tool motion to extrapolate any properties which depend on position. For example, the variance may be extrapolated from the tool's stiffness matrix K using: 
Calculating the tip position
For each measurement of the generalised tool coordinate q = (r, θ), the corresponding tip position d can be calculated as
where a is the position of the tip with respect to the centre of the tool and R is a rotation matrix implementing rotations of θ x , θ y and θ z about the x, y and z axes respectively. These rotations may be implemented sequentially such that R(θ) = R x (θ x )R y (θ y )R z (θ z ). For a tool with only five degrees of freedom, θ x is not recorded, so R x is reduced to the identity matrix.
Measuring the thermal ellipsoid
The spatial distribution of the tip position forms a three dimensional ellipsoidal structure termed the 'thermal ellipsoid'. In order to characterise this volume, we first calculate its 3×3 variance matrix d ⊗ d . The variance matrix is then diagonalised by eigendecomposition, with the resulting eigenvalues defining the variance along the principle axes of the ellipsoid. The set of eigenvectors -arranged as a 3×3 matrix with the jth column corresponding to the jth eigenvector -defines the orientation of the ellipsoid.
An example three-dimensional scatter plot of a probe's tip position is shown in Figure 3 , along with the calculated thermal ellipsoid. The plotted ellipsoid encloses two standard deviations of the population, corresponding to ∼95% of the plotted points. Figure 3 . 3D scatter of the tip position with the thermal ellipsoid superimposed. The plotted ellipsoid has principle radii of twice the standard deviation measured parallel to the principle axes, and therefore encloses ∼95% of the plotted points. To better illustrate the orientation of the ellipsoid, the principle axes A, B and C are also plotted. Figure 4 (a) shows a sequence of ellipsoids, each representing two standard deviations of the position of the probe tip under a given translation of the optical stress centre (accomplished by varying the relative power between the optical traps). Ellipsoids are arranged in order of OSC location relative to the tip, with the ellipsoid corresponding to equal trap intensities indicated by an arrow. The lengths of the principle axes (corresponding to one standard deviation) are plotted in Figure 4(b) , along with the volume of the corresponding variance ellipsoid (i.e. the ellipsoid defined by the measured variance). We observe a wide plateau region, in which the volume does not change significantly (5.4 -7.5 µm) with the volume rising rapidly outside this region. The thickness of the ellipsoid along its 'A' axis is relatively stable throughout the dataset. This direction corresponds closely to the laboratory x axis -parallel to the long axis of the probe and perpendicular to the 'thermal disk' resulting from rotations of the tool. As the total intensity in the traps is unchanged, the magnitude of the ellipsoid in this direction is not expected to vary. However, the standard deviations in the directions defined 'B' and 'C' (roughly corresponding to the laboratory y and z axes respectively) increase as the probe becomes less well confined, with the length 'C' most notably affected. This indicates that the principle contribution to the volume of the ellipsoid is the angular confinement of the probe.
A B C
For a single microsphere confined by an optical trap, the thermal motion describes a spheroid with its long axis parallel to the trapping axis (laboratory z). This is a condition imposed by the optical trap geometry, and cannot be altered without moving to a more complex geometry.
31, 32 When a multi-component microtool is rotated out of the laboratory x, y plane, a corresponding rotation of the thermal ellipsoid described by the tip is predicted 1 predicted. To investigate this phenomenon, the data for a three-component probe initially oriented parallel to the laboratory x axis (before rotation about the laboratory y axis) is used to calculate thermal ellipsoids of the probe tip, with the results plotted in Figure 5 . As in the previous figure, ellipsoid parameters (representing one standard deviation) are plotted, as is the ellipsoid volume (representing the tip variance). The orientation of the ellipsoid is also plotted, with rotation about the laboratory x and z axes showing no significant trend, and rotation about the y axis exhibiting positive correlation with the rotation of the tool, in qualitative agreement with the anticipated behaviour. 1 plots ellipsoid parameters and volume against φ, the angle their hypothetical tool has been rotated about the y axis. Qualitatively, their a, c cross-sections agree well with ellipsoids calculated from experimental data, with the thermal volumes rotating with respect to the laboratory frame and 'thickening' (becoming less elongated). Agreement between the observed ellipsoids and the numerical model continues in the plot of the ellipsoid parameters, with the volume increasing and the ellipsoid becoming less elongated (an observed reduction in C, increase in A and B) as the tool is rotated.
In general, qualitative agreement with the predictions made by Simpson and Hanna regarding thermal volumes is good, with the distribution well described by an ellipsoid. The difference in the structure of the tools considered renders quantitative comparison impossible. However trends such as increasing tip volume with reduction in the relative trap intensity and rotation of the tool out of the x, y plane are observed in both systems.
For our experimental tools, the probe tip has been assumed to be on the axis. This is however unlikely to be the case due to the tool geometry. The tip is much more likely to be displaced by up to 2 µm from the axis, depending on the relative position of the microspheres on the rod. In this case, its position has a component which is a function of the rotation about the tool axis. While this rotation cannot be measured from the two points we are able to monitor, it is unlikely to be entirely unconstrained by the optical traps. Were this the case, it could be easily observed in the recorded images of the trapped probe. However there is likely to be a degree of variation in that angle, and as such we should expect the 'true' tip scatters to exhibit a degree of smearing in the y direction (for the data shown here).
CONCLUSIONS
To conclude, we have demonstrated the ability to exert some control over the size of the tip scatter by simple adjustment of the laser intensity incident upon the handles. This control could potentially be extended further, either by exploring more complex optical trap configurations or by examining a wider variety of tool designs. Modification of the relative stiffness of an optical trap in the axial direction has been demonstrated by Bowman et al., 32 who reduce the effective numerical aperture of a holographically generated trap. It would be interesting to examine the effect this might have on a complex/extended structure.
We have also demonstrated the rotation of the thermal volume with respect to the trapping axis by simply rotating the microtool. It should also be possible to produce tool structures for which z motion of the 'tip' is constrained by the lateral trap stiffness of the tool handles, suggesting it may be possible to use composite tools to produce thermal volumes which are not elongated in the direction of the trapping axis. As the thermal volume is of major significance in imaging techniques which make use of the Brownian motion as a scanning mechanism 30 this could be of interest in future imaging techniques employing optically trapped probes.
